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We investigate the strongly interacting hard-core anyon gases in a one dimensional harmonic
potential at finite temperature by extending thermal Bose-Fermi mapping method to thermal anyon-
ferimon mapping method. With thermal anyon-fermion mapping method we obtain the reduced one-
body density matrix and therefore the momentum distribution for different statistical parameters
and temperatures. At low temperature hard-core anyon gases exhibit the similar properties as those
of ground state, which interpolate between Bose-like and Fermi-like continuously with the evolution
of statistical properties. At high temperature hard-core anyon gases of different statistical properties
display the same reduced one-body density matrix and momentum distribution as those of spin-
polarized fermions. The Tan’s contact of hard-core anyon gas at finite temperature is also evaluated,
which take the simple relation with that of Tonks-Girardeau gas Cb as C =
1
2
(1− cosχpi)Cb.
PACS numbers: 05.30.Pr, 03.75.Hh, 67.85.-d
I. INTRODUCTION
Basing on the symmetry under exchange satisfied by
identical particles, quantum particles might be bosons or
fermions. In one and two dimension there exists anyons
[1] satisfying fractional statistics that interpolate between
bosons and fermions continuously [2]. Fractional statis-
tics not only play important roles but also become an
important concept in condensed matter physics[2–7]. For
the topological protection of quantum coherence of quan-
tum system of fractional statistics [8, 9] and the poten-
tial application in quantum information science, search
and realization of quantum system satisfying fractional
statistics have become more and more important [8, 10].
For the high controllability and tunability quantum gas
is a key candidate of creating anyons. Besides the ro-
tated Bose-Einstein condensates [11], cold atoms in op-
tical lattices have become the popular platform [12, 13].
The critical idea is the manipulation of transition rate as
atom tunnel between lattice sites. It has been proposed
that the one-dimensional (1D ) anyon gas can be pre-
pared with the Raman-assisted hopping [14, 15] or the
lattice-shaking-induced tunneling [16].
The 1D quantum gas [17] can be realized by confin-
ing cold atoms in highly anisotropic trap and in optical
lattices [18–20]. Both the arrays of 1D quantum gases
and a single 1D quantum gas of strong interaction can
be performed experimentally [21]. The latter allow us
to study the temperature dependent properties [22] and
the interplay effect between interaction and temperature.
Since the realization of 1D quantum gases, those previ-
ous ”toy models” in textbooks help us understand im-
portant physics by parameter-free comparison of theo-
retical prediction with measurement. With the Feshbach
resonance technique and confinement-induced resonance
technique we can realize the 1D quantum gas in the full
∗Electronic address: haoyj@ustb.edu.cn
interacting regime from weak to infinite strong interac-
tion [15, 19, 20, 23]. The Feshbach resonance technique
can also be utilized to tune the interaction strength of
1D anyon gas [15].
Theoretically although 1D anyon gas originated in con-
densed matter physics [24, 25], it is found that 1D Bose
gas with double δ function interaction is equivalent to
the δ-anyon gas [26, 27]. The δ-anyon gas attracted
many theoretical interests in its ground state properties
including the exact solution [26–28], correlation func-
tion [29–31], entanglement properties [32, 33], momen-
tum distribution and the reduced one-body density ma-
trix (ROBDM) [32, 34–38]. In addition relaxation dy-
namics [39] and quantum walks [40] were paid attentions
to. It has been shown that the properties dependent on
wavefunction rather than its modulus exhibit behaviours
dependent statistical properties. For example, ROBDM
become complex rather than real and momentum distri-
butions become asymmetric rather than symmetric for
anyon gases [32, 34–38, 41]. So far much investigations
focus on anyon gas at zero temperature, and the temper-
ature effect was not received much attentions and only
the formal solutions of hard-core anyons at finite tem-
perature were obtained [29, 30] although in experiments
temperature is an important variable. In thermodynamic
limit the solution of homogeneous anyon gas can also be
evaluated with Bethe ansatz.
In the present paper we will follow the procedure in
Ref. [42] and [43] to formulate the ROBDM of hard-core
anyon gas at finite temperature with the determinant of
one-body density matrix of spin-polarized fermions. For
the first time we obtain its momentum distribution at
finite temperature and extract temperature and statisti-
cal property dependence of the high-momentum tail. The
Tan’s contact coefficients will also be evaluated for differ-
ent temperature and statistical properties. In the strong
interaction regime the universal property is an important
issue and several groups have investigated strongly inter-
acting fermions [44–46]. It was shown that the momen-
tum distribution of Fermi gas has a tail falling off like k−4
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2[47–49] and other properties including thermodynamics
are also related the coefficient of the tail [50–52]. The
power-law decay of 1D Bose gas also satisfy k−4 at large
momentum [43, 54, 55] and the contact coefficient has
been evaluated. The present work will focus on the con-
tact coefficient of 1D hard-core anyon gas whose momen-
tum distribution is asymmetric about zero momentum.
The paper is organized as follows. In Sec. II, we briefly
review the method to obtain the ROBDM of 1D hard-
core anyon gas. In Sec. III, we present the ROBDM and
momentum distributions. The Tan’s contact for differ-
ent statistical parameters at finite temperature is inves-
tigated in Sec. IV. The summary is given in Sec. V.
II. MODEL AND METHOD
We consider N anyons of mass m with the infinite re-
pulsive contact interaction trapped in a harmonic poten-
tial
Vext = mω
2x2/2. (1)
In the infinitely strong repulsion limit the many body
wavefunction ψA(x1, x2, ..., xN ) satisfies the eigen equa-
tion
HψA(x1, x2, ..., xN ) = Eψ
A(x1, x2, ..., xN ) (2)
with H =
∑N
i=1
[
− h¯22m ∂
2
∂x2i
+ 12mω
2x2i
]
and the constraint
condition
ψA(x1, ..., xi, ..., xj , ..., xN ) = 0 (3)
if xi = xj (1 ≤ i < j ≤ N). Since the con-
straint condition can be satisfied by the wavefunc-
tion of spin-polarized fermions, all eigen wavefunctions
ψA(x1, x2, ..., xN ) of eigen equation Eq.(2) of anyons
can be obtained with the wavefunction of spin-polarized
fermions ψF (x1, x2, ..., xN ) with the anyon-fermion map-
ping method [27]
ψA(x1, · · · , xN ) = A(x1, · · · , xN )ψF (x1, x2, · · · , xN ) .
(4)
Here the anyonic mapping function is formulated as
A(x1, · · · , xN ) =
∏
1≤j<k≤N
exp[− iχpi
2
(xj − xk)] (5)
with 0 ≤ χ ≤ 1 being the statistical parameter. 1 cor-
responds to the hard-core bosons and 0 corresponds to
noninteracting fermions. The sign function (x) gives
−1, 0, and 1 depending on whether x is negative, zero,
or positive.
The wavefunction of N polarized fermions
ψF (x1, x2, · · · , xN ) can be constructed by the one-
particle wavefunction as
ψF (x1, x2, · · · , xN ) =
(
1/
√
N !
) N
det
j,k=1
φνj (xk) . (6)
Here φνj (x) is the νjth eigen wavefunction
of one particle in a harmonic trap φνj (x) =
(
√
pi2νjνj !/a0)
− 12 e−a
2
0x
2/2Hνj (a0x) with Hνj (x) be-
ing Hermite polynomial. a0 =
√
h¯/mω is the
characteristic length of harmonic oscillator. The
eigen wavefunctions correspond to one of the sets
α = {ν1, ν2, ..., νN}, where νj (j = 1, · · · , N) are
unequal positive integers. With the sets α all ground
state and excited states satisfying the eigen equation
HψAN,α(x1, x2, ..., xN ) = EN,αψ
A
N,α(x1, x2, ..., xN ) can be
obtained with eigen energy EN,α =
∑N
i=1(νi + 1/2)h¯ω.
At finite temperature T the ROBDM of hard-core
anyon gas in the grand-canonical ensemble is
ρ1A(x, y) =
∑
N,α
PN,αN
∫ ∞
−∞
dx2 · · · dxN
× ψAN,α(x, x2 · · ·xN )ψA∗N,α(y, x2 · · ·xN ) (7)
The thermal distribution function reads PN,α =
Z−1e−(EN,α−µN)/kBT with partition function Z =∑
N,α e
−(EN,α−µN)/kBT and chemical potential µ.
Inserting the eigen functions of anyons Eq. (4) into the
above integral and for each variable rewriting the integral∫∞
−∞ dxie
− iχpi2 [(x−xi)−(y−xi)]f =
∫∞
−∞ dxif−(y−x)(1−
eiχpi(y−x))
∫ y
x
dxif we have
ρ1A(x, y) =
∑
N,α
PN,αN
N−1∑
j=0
(
N − 1
j
)
(−1)j
×
[
(y − x)(1− eiχpi(y−x))
]j ∫ y
x
dx2 · · · dxj+1
×
∫ ∞
−∞
dxj+2 · · · dxNψAN,α(x, x2 · · ·xN )ψA∗N,α(y, x2 · · ·xN ).
(8)
Following the procedure in Ref. [42] and [43], the
ROBDM can be reformulated in terms of the fermionic
j-body density matrix
ρ1A(x, y) =
∞∑
j=0
[
−(y − x)(1− eiχpi(y−x))
]j
/j! (9)
×
∫ y
x
dx2 · · · dxj+1ρj+1,F (x, x2, · · · , xN ; y, x2, · · · , xN ),
where the fermionic j-body density matrix
ρjF
(
x1, · · · , xj , x′1, · · · , x′j
)
= det [ρ1F (xi, x
′
l)]i,l=1···j
(10)
with the fermionic one body density matrix ρ1F (x, y) =∑N
j=1 fνjφνj (x)φ
∗
νj (y) and Fermi-Dirac distribution fν =
1/[e((ν+1/2)h¯ω−µ)/kBT + 1].
Utilizing the properties of determinant the multiple
integral in above formula can be reduced into the product
3of single-variable integral and the ROBDM of anyons will
be reformulated as
ρ1A (x, y) =
∞∑
j=0
[−(y − x)(1− eiχpi(y−x))]j
j!
ρ
(j)
1A (x, y) ,
(11)
where
ρ
(j)
1A (x, y) =
∑
ν1···νj+1
fν1 · · · fνj+1
∑
P∈Sj+1
(−1)P
φν1(x)φνP (1)(y)
j+1∏
l=2
∫ y
x
dxlφνl(xl)φ
∗
νP (l)
(xl). (12)
Its diagonal part ρ(x) = ρ1A(x, x) is density distribu-
tion of anyons, which is independent on the statistical
parameter. In the Bose limit χ = 1.0, the above formula
reduces to the same result as that in Ref. [43]. The mo-
mentum distribution of anyons can be obtained by the
Fourier transform of ROBDM
n(k) = (2pi)−1
∫ ∞
−∞
dxdyρ1A (x, y) e
−ik(x−y). (13)
In the following sections we will display the tempera-
ture effect on the ROBDM and momentum distribution
of 1D hard-core anyons. For simplification the natural
unit will be used and the present notation will be pre-
served.
III. ROBDM AND MOMENTUM
DISTRIBUTION OF ANYON GAS AT FINITE
TEMPERATURE
In this section, we evaluate the ROBDM and momen-
tum distribution of 1D strongly interacting anyon gases
of N anyons in a harmonic trap for different statistical
properties at finite temperature.
In Fig. 1 we display the diagonal part of ROBDM,
i.e., the density distributions ρ(x), of hard-core anyon
gases with N = 5. According to Eq. (5), the density
distributions are not related to the statistical properties.
It is shown that at low temperature (T = 0.1) the tem-
perature effect is not displayed, and the density profile
show the same shell structure of N peaks as ground state
density profiles, which are also same as those of Tonks
gas and spin-polarized Fermi gas at zero temperature.
With the increase of temperature the shell structure dis-
appears and the anyons still stay in the central region
of the harmonic trap with large probability (T=0.5 and
1.0). At high temperature (T=5.0 and 10.0) anyons oc-
cupy in wider region because the higher kinetic energy
increase the probability that anyons distribute in the re-
gion of high potential energy. The high temperature also
induce the population in the high energy levels of single
particle such that the density profiles behave similar to
the Gaussian distribution.
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FIG. 1: The density distribution of hard-core anyon gas of
N=5 at finite temperature. Unit of x: a0 =
√
h¯/mω.
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FIG. 2: The ROBDM of hard-core anyon gas of N=5 with
statistical parameter χ = 0.75. Real part of ROBDM: (a)
T = 0.1, (c) T = 1.0, and (e) T = 5.0; Imaginary part of
ROBDM: (b) T = 0.1, (c) T = 1.0, and (f) T = 5.0. Unit of
x and y: a0 =
√
h¯/mω; Unit of T : h¯ω/kB .
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FIG. 3: Momentum distribution of hard-core anyon gas of
N=5 at different temperatures. (a) T = 0.1; (b) T = 0.5; (c)
T = 1.0; (d) T = 10.0. Unit of k: a−10 ; Unit of T : h¯ω/kB .
It has been shown that the ROBDM of ground states
of anyons is complex rather than real [35, 36, 38, 41].
The ROBDM of hard-core anyon gas of N = 5 with sta-
tistical parameter χ = 0.75 are displayed in Fig. 2 at
finite temperature. The ROBDM are still complex and
we display the real part (left column) and imaginary part
(right column), respectively. The real part are symmet-
ric matrix, while the imaginary part are antisymmetric,
which will result in the asymmetric momentum distri-
bution. At low temperature, the real part are diagonal
dominant but the off-diagonal matrix elements are not
negligibly small, which embody the long-range order of
anyon gases of χ = 0.75. With the increase of temper-
ature, not only the off-diagonal matrix elements of real
part become negligible but also the full imaginary part
approximate to zero. At high temperature the ROBDM
of anyon gases exhibit the same properties as those of
Tonks gas and spin-polarized fermions [53].
We displayed the momentum distribution of hard-core
anyon gas of N = 5 at finite temperature in Fig. 3.
It is shown that momentum distributions are asymmet-
ric about the zero momentum at finite temperature ex-
cept those in the Bose limit (χ = 1.0) and Fermi limit
(χ = 0.0). At low temperature (T=0.1) Bosons exhibit
single sharp peak momentum profile and distribute in
the zero momentum region with great probability, while
Fermions display shell structure of N peaks. With the
decrease of statistical parameter, the peak of momentum
distributions of anyons shift away from zero momentum
and then shift back in the Fermi limit. This is same
as the case of ground state at zero temperature. As
temperature increases (T=0.5 and 1.0), the oscillation
of momentum profiles become weak and anyons exhibit
smooth momentum distribution even in the Fermi limit.
At the same time, anyons distribute in high momentum
regions with larger probability and the peak height of
momentum profiles decrease. Another temperature ef-
fect on momentum distribution is that the asymmetry
become obscure, which is exhibited at high temperature
(T=10.0). In this situation it is hard to distinguish the
statistical properties of anyons by the momentum profile
and anyons with different statistical parameters behave
similar momentum distributions.
IV. TAN’S CONTACT OF HARD CORE
ANYON GAS AT FINITE TEMPERATURE
The momentum distribution of 1D Bose gas decays as
the power-law Ck−4 at large momentum [54, 55] and the
temperature dependence of Tan’s contact C was shown
in Ref. [43]. It is interesting to investigate the tempera-
ture and statistical properties dependence of the univer-
sal power-law of hard-core anyon gas at high momenta.
Following the procedure in Ref. [43], the high-
momentum tails are related to the short-distance be-
haviour of one body density matrix and the main contri-
bution comes from the j = 1 term. Expanding ρ1A(x, y)
at R = (x + y)/2 and retaining the lower-order term of
|x− y|, we have
ρ1A (x, y) ∝ |x− y|
3
6
(1− eiχpi(y−x))f (R) , (14)
where
f (R) = n(R)
∑
ν
fν |φ′ν (R)|2 −
∣∣∣∣∣∑
ν
fνφν (R)φ
∗′
ν (R)
∣∣∣∣∣
with n (R) =
∑
ν fνφν (R)φ
∗
ν (R). Using the asymptotic
expansion of Fourier transformations in the limit of large
k [56]
lim
k→∞
∫ ∞
−∞
dxe−2piikx |x|α dx
= 2 cos
(α+ 1)pi
2
α! (2pi |k|)−α−1 ,
and
lim
k→∞
∫ ∞
−∞
dxe−2piikx |x|α  (x) dx
= −2i sin (α+ 1)pi
2
α! (2pi |k|)−α−1  (k) ,
we find that the momentum distribution of 1D hard-core
anyon gas decay as Ck−4 in the limit of k →∞ with the
Tan’s contact
C =
1− cos(χpi)
pi
∫ ∞
−∞
dRf (R) . (15)
Compared with the Tan’s contact of 1D Bose gas Cb, that
of 1D hard-core anyon gas is C = 12 (1− cos(χpi))Cb.
The high momentum tail of momentum distribution
for anyon gases at finite temperature T=0.1 and 1.0 are
51 1 01 E - 6
1 E - 4
0 . 0 1
1
k
 χ= 0 . 9 χ= 0 . 5 χ= 0 . 2 5 χ= 0 . 1 a n a l y t i c a l  r e s u l t s
 
 
n(k)
( a )
1 1 01 E - 6
1 E - 4
0 . 0 1
1
 
 
k
( b )
FIG. 4: The high momentum tail of momentum distribution
for anyon gases of N=5 with different statistical parameter.
(a) T = 0.1; (b) T = 1.0. The analytical result are plotted
as dotted lines. The log-log coordinates are used. Unit of k:
a−10 ; Unit of T : h¯ω/kB .
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FIG. 5: The positive high momentum tail and negative high
momentum tail of momentum distribution for anyon gas of
N=5 with statistical parameter χ = 0.75 at finite tempera-
ture. The log-log coordinates are used. Unit of k: a−10 ; Unit
of T : h¯ω/kB .
plotted in Fig. 4, which are evaluated numerically by
Eq. (11) and Eq. (13). As comparisons, the analytical
result Ck−4 with C being determined by Eq. (15), are
also plotted in dotted lines for different statistical pa-
rameters. It is shown that numerical result match well
with the analytical results for all statistical parameters
at finite temperatures. The momentum distribution of
anyons decays as a power-law Ck−4 at high momenta at
finite temperature.
An interesting question is the asymmetry of momen-
tum distribution of hard-core anyon gases. It has been
shown that anyons exhibit different behaviours for pos-
itive momentum and negative momentum. Then the
power-law behaviours dependence on the signature of
momentum is worth to be investigated. The analytical
evaluation manifest that the high momentum tail exhibit
the same power-law behaviour for positive momentum
and negative momentum although they are different for
small momenta. In Fig. 5 we plot the positive high mo-
mentum tail and negative high momentum tail of hard-
core anyon gas with χ = 0.75 at temperature T=0.1 and
0 5 1 0 1 5 2 0 2 5
0
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1 0
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2 0
2 5
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FIG. 6: Tan’s contact C as a function of temperature T for
the anyon gas of N=5 with different statistical parameter. C
and T are in units of a−30 and h¯ω/kB , respectively.
5.0. It turns out that they match well with each other
and match with analytical results at high momentum re-
gion both at low temperature (T = 0.1) and at high
temperature (T = 5.0).
The temperature dependence of Tan’s contact C of
hard-core anyon gases with different statistical proper-
ties are plotted in Fig. 6. In the Fermi limit (χ=0.0)
the Tan’s contact is equal to zero in the full temperature
regime, which is consistent to the Pauli exclusion princi-
ple satisfied by spin-polarized fermions whose interaction
energy is always zero. As the statistical property devi-
ates from the Fermi limit, the Tan’s contact increase with
the increasing temperature for hard-core anyon gases. At
specific temperature the Tan’s contact also increase with
the statistical parameter. According to Eq. (15) we have
C ∝ 1−cos(χpi) at given temperature. The Tan’s contact
and therefore the interaction energy of hard-core Bosons
has the maximum value.
V. SUMMARY
In conclusion we investigated the 1D hard-core anyon
gas confined in a harmonic trap at finite temperature
with the thermal anyon-fermion mapping method. The
thermal Bose-Fermi mapping method has been used to
study the strongly interacting Tonks-Girardeau gas at fi-
nite temperature. It has been extended to investigate 1D
strongly interacting anyon gas satisfying fractional statis-
tics in the present work. By mapping eigen functions of
spin-polarized fermions to eigen functions of hard-core
anyons, we obtained the reduced one-body density matrix
of hard-core anyons at finite temperature. Therefore the
momentum distribution of hard-core anyons of statistical
properties can be evaluated for different temperatures.
It was shown that similar to the ground-state prop-
erties of 1D hard-core anyons, at finite temperature the
anyonic system also exhibit the asymmetric momentum
6distributions as the statistical properties deviate the Bose
limit and Fermi limit. The asymmetry results from the
properties of ROBDM, which is complex rather than real
for anyon gases. At low temperature, the real part of
ROBDM is diagonal dominant but the off-diagonal is not
negligibly small, and its imaginary part is antisymmetry
about x = y. With the increase of temperature, both the
off-diagonal elements of real part and the full imaginary
part become small. At high temperature, the imaginary
part approx to zero and the ROBDM of hard-core anyon
gas exhibit the same properties as that of spin-polarized
fermions
Correspondingly, at low temperature region momen-
tum distribution of anyon gas in Bose limit display the δ-
function-like single peak, and that in Fermi limit display
shell structure of N peaks. With the evolution of statisti-
cal property, momentum distribution of anyon gas evolve
from Bose-like single peak structure into the Fermi-like
shell structure, but the peak appears at finite momen-
tum. At high temperature the asymmetry become weak
and 1D hard-core anyon gas display almost symmetric
momentum profiles. It is hard to distinguish the sta-
tistical property of anyon gas basing on the properties
of momentum distribution in this case. The momen-
tum distribution of 1D hard-core anyons with different
statistical property exhibit the same profiles as that of
spin-polarized fermions.
We also obtain the high-momentum tail of 1D hard-
core anyon gas at finite temperature. Although the mo-
mentum distribution is asymmetric about zero momen-
tum, the power-law decay at high momentum region is
same for the positive momentum and negative momen-
tum. This was proved both by the exact numerical cal-
culation and by approximate analytical derivation. In
high momentum region the momentum distribution of
hard-core anyons decays as the power-law Ck−4, which
is same as that of 1D Bose gas. The Tan’s contact de-
pend on the statistical parameter and satisfy the relation
C = 12 (1− cosχpi)Cb with Cb being the Tan’s contact of
1D Bose gas.
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